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INTRODUCTION

T

Selection and rankina (ordering! problems in statiéti<]i-76iFTﬁn(u
arise mainly because the classical tests of homogeneity are otten in
adequate in certain situations where the experimenter i, intere fed in
comparing k (- 2) populations, treatrents or processes with thee qoal oo
selecting one or more worthwhile (aocd) populations. Mosteltoy (i
Paulson (1949}, Bahadur {1950} and Pahadur and Fobbin. J1000) wore aem:
the eartiest rescarch workers to vecounize this inadequacy and to tos
mulate the problem as a multiple decision problem aimed ot the elect jon
and ranking of the k populations.

In the thirty years since these early papers, seloction and rvand ing
problems have become an active area of statistical research.  Theve have
been two approaches to these problems, the 'indifference cone' approach
and the 'subset selection' approach. In the first approach, due fo
Bechhofer (1954), the experimenter wishes to selectl one population o
a fixed number t - 1 of population) which is guaranteed to be fhe e
of interest to him with a fixed probability P* whenever the wbnowe
parameters lie outside some subspace of the perametor opace. the o
called indifference zone. Important contributions using thic apinoh
have been made by Bechhnfer and Sobel (1954), Bockhoter, Bunnett ol
Sobel (1954), Sobel and Huayett (10573, Sobel (1967Y, Dochhofer byt

and Sobel (1968), Mahawnulu (1767), Deau and Sobel (P96, 1071) and

e . n sl S



Tamhane and Bechhofer ( 1977, 1979)among others. A guite complete
biblioqraphy may be found in Gupta and Panchapakesan (1979} (see also
Gibbons, 0lkin and Sobel (1977)).

The second approach pioneered by Gupta (1956, 1963, 19h5) assumies
no a priori information about the parameter space. A sinale pop.iation
is not necessarily chosen; rather a subset of the given k populations

is selected depending on the outcome of the experiment. [t i~ quaranteed

o ».

to contain the population{s) of interest with probability which is .t

least equal to P* (the basic probability requirement) reqdardless of the

true unknown confiqurations of the parameters. Some vccent contribiutors

in the cateqory of subset selection include: licely (1965), Gnanadesik.n

PIPONOR S L

{1966), Gnanadesikan and Gupta (1970), Gupta (1967), Gupta and Studden

(1970), Nagel (1970), Gupta and Nagel (1971), Gupta and Panchapakesan
(19/72), Rizvi and Sobel (1967), McDonald (1969), Gupta and McDonald
(1970}, Santner (1975), W. T. Huang (1972), D. Y. Huang (1975), Gupta
and Huang (1975a, 1975h) and Gupta and Huanq (1976).

Subset selection procedures can also be thought of as screening
procedures which enable the experimenter to select a subset of pop-
ulations (under study) which contains the populations of interest so
that the populations in the selected subset can be further <tudies.

Sequential and muitistage aspects of the ranking and selection
problems, have been explored, based on the indifference zone approach
by Bechhofer, Dunnett and Sobel (1954), Bechhoter (1958}, Paylaan
(1967, 1963, 1964, 1967) and Bechhofer, Fiefer and Sobel (1968).
Parson and Gupta (1972), Huang {1972), Gupta and Huan; (1975) 0 Gupt
and Miescke (1979) and Carrali {1974) have investigated obeet odeo i

procedpres, based on cequential aarpling,
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Contributions to optimum properties of subset selectioi procedure,

have been made by Lehmann (1961}, Studden (1967), Deely and tupta (Tuér),

Berger (1977, 1979), Gupta and Hsu (1978), Gupta and Miescke (1973,

Berger and Gupta (1980).

In the decision-theoretic approach to the subset scleclion proliben.,

Goel and Rubin {1977), Chernoff and Yahav {(1977), Bickel and Yatav (19/7/7],

Gupta and Hsu (1978), Miescke (1979), Gupta and Kim (1980), nupte and
Hsiao (1980) have given different formulations under diffevent Joo.
functions and carried out investigations which indicate thal the tunty
type maximun (minimum) means procedures are quite "aptinal’ wod "roten

The main purpose of this thesis is to study ome problens. i
the subset selection approach and provide procedures ant results 1o
some unsolved problems.

Chapter I considers the problem of selecting a4 subset containine
all populations better than a control under an ordering priov. Heye
by an ordering prior we mean that there exists a known <imple o
partial order relationship amnong thre unknown parameters of the treot
metns (excluding the control). Three new selection procedure: ave
proposed and stiZied. These procedures do meet the usiual vequivenent
that the probability of a correct selection is greater than or oo
to a pre-determined number P*, Two 07 the three procedures uoe the
isotonic regression over the samnle means of the ¥ tredatuwente with
respect to {wrt) the given ordering prior. Tables which are necenary
to carry out the selection procedures with isotanic approach fov the
selection of unknown means of normal nopulations and qamma populbat fone,
are qiven. Monte Carlo comparisons on the perfarmance of weveral

procedures for the normal or qganma means prollom were carveied ol 1y

P
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several selected cases; these are given in Table V and lable VI at the
»nd of Chapter 1. In each case tan thousand simulations were pertormed,
The results of this study seem to indicate that the procedures based on
isotonic estimators always have superior performance, expecially., when
there are more than one bad populations (in comparison with the controll.
Chapter 1 deals with a new 'Bayes—P*' approach about the problem
of selecting a subset which contains the 'best' of k populations. Here,
by best we mean the (unknown) population with the largest unknown rean.
the (non-randomized) Bayes—P* rule refers to a rule with minimum risk in
the class of (non-randomized) rules which satisfy the condition tnat ine
posterior probability of selecting the best is at least equal to P*
titven the priors of the unknown parameters, two 'Bayes—P*‘ subset selev-
iion procedures pB and wﬁR (randomized and non-randomized, respectivel,’
under certain loss functions are obtained and compared with the classi-
cal maximum-type means procedure yM. The comparisons of the performance
0t ,H vith “ER and ¢M, based on Monte Carlo studies, indicate that the
procedure ¢B always has higher 'efficiency’ and smaller expected seloect-
ed ize of the selected subset. Also pB appears to bhe robust when the
true distributions are not normal but are some other svimetric distriby-

trons such as, the logistic, the double exponential, Laplace, and the

qro-~s ervor model (the contawinated distribution).

i
+
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CHAPTER 1

SELECTION PROCEDURES FOR POPULATIONS

BETTER THAN A CONTROL UNDER ORDERING PRIOR

1.1, Introduction

In this chapter, three new selection procedures are given for the
problem of selecting a subset which contains all populations better
than a standard or control under simple or partial ordering prior.
Here by simple or partial orderina prior we mean that there eovit
known simple or partial order relationships (defined move wpecitically
later in Section 1.2) among unknown parameters. The procedurec ae-
scribed do meet the usual requirement that the probabilitie, ot o o=
rect selection are greater than or equal to a predetermined wimber 1
the so-called P* condition.

Many authors have considered the problem of compaving population:
with a control under different types of formulations {(aee Gupta an
Panchapakesan (1979)). Dunnett (1955) considered the problem of on
arating those treatmentc which ave hetter than the control from thoe
that are worse. Gupta and Sobel (1958}, Gupta [1965), Naik (1977
Brostrom {1977) studied the vroblem of selecting a subset containing
all populations better than the control. Lehmann (1961) diccu o
similar problems with emphasis on the derivation of a rveofyictod ming

max procedurce. Fim (1979), Hsiao (1979) studied the probiem ot
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selecting populations close to a control. In all these papers it i«
assumed that all populations are independent and that there is no in-
formation about the order of unknown parameters. However, in many <ii-
uations, we may know something about the unknown parameters. What we
know is always not the prior distributions but some partial or incon-
plete prior information, such as the simple or partial order relation-
shin among the unknown parameters. This type of information about ihe
ordering prior may come from the past experiences; or it may arise in
the experiments where, for example, higher dose level of some druns
always has larger effect (side-effect) on the patients.

I Section 1.2 definitions and notations used in this chapter are
introduced. In Section 1.3 we consider the probiem for location pa-
meters.  We propose three types of selection procedures for the cases
when the control parameter is known or not known (the scale parameter
may or may not be assumed known). Some equivalent forms of the pro-
cedures are given, and their properties are discussed. In Section 1.4
the problem for scale parameters of the gamma distributions is consid-
ered and three analoqous selection procedures are proposed. In bnth
section 1.3 and 1.4 simple ordering priors are assumed and some theo-
rems in the theory of random walks are used. In Section 1.5 a selec-
tion procedure is given for the problem of selecting all populations
better than the contral under partial ordering prior. Section 1.f
deals with the use of Monte Carlo techniques to make comparisons aon:
the selection procedures proposed in Section 1.3 and those in Section

1.4, respectively.




1.2. Notations and Definitions

Suppose we have k + 1 populations 0t 1t ke The popudetion

treatment 0 is called the control or standard population.

/i o
[ANSY TRt

that the random variables X.. associated with Foaesd and Foy o
J

i=1,...,k, is an

ordering prior of =

“independent samnle from E Assume that we by

-l,...,"k.

First we assume that the orvaering

is the simple order, sc¢ that without Toss of generality, we ruy v

that, &+, -~ ... - o

1 - -k
ing prior case. Note that the values of ui‘s are unknown.

Suppose our goal is to find a non-trivial {small) subset whion

tains all populations with parameter larger (smaller) than the

‘e

e

IR NN

In Section 1.5 we will consider the nartial oraer

'

"0 (known or unknown) with orobebility not lese than a qiven yvalae it

The action space ¢ is the class of all subsets of <ct

An action A is the

oo

selection of some subset of the k population: .

rmeans that " is included in the selected subset.

let o =

where = I8¢ R

k + 1 dimensional Euclidean space B2k+ .

K+l

e

Then the parameter space i

I F— I3 . f 14

.‘.1 - '/’ . e A}k; - 0
]

The sample space is denoted by 7. where

“ = IxCR

Definition 1.2.1.

is a mapping from

n]*..

'+nk.

y =

1

A (non-randorized' selection procedure

woto .

(x”,...xh1 TR R

oot edd

A oot

(I‘H'l"‘

1
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ot
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A population & (i 1,....k) is called a good population if

o and we say a selection procedure * make a correct selection
(L9) 0t the selectedt subset containg all good populations. A sele-
tion procedure * satisfies the P*-condition if

P (CSIs) = P* for all ac

'h()t is

inf P (CS1s) - P*, (1.7.1)

s )
let & - £&112f P {CS|*) ~ P*' be a collection of all selection
procedures satisfying the P*-condition.
In the sequel we will use the isotonic estimators {see Barlow,

Bartholomew, Bremner and Brunk (1972)). Hence we aive the followin; dei-

initions and theorems.

Definition 1.2.2. Let the set o be a finite set. A binary relation
" " onoJ is called a simple order if it is ﬂ
(1} reflexive: x - x for x¢€o |
(?) transitive: x, vy, z¢Js and x -y, y - z imply x - 2
(3) antisymmetric: x, y€Js and x -y, v < % dmply x =y

(4) every two elements are comparable: », y«. imply either

< yory .

A partial order on ¢ is = binary relation " on ., such that it
iv (1) reflexive, (?) transitive, and (3} antisymmetric. Thus everwy

simple order is a partial order. ke use poset (5,) to denote the se!

on it.

that has a partial order binary relation "




Jefinition 1.0.3. A real-valued “uartion f 1o called Dootany ap e

(.) ifand only if (1) ¢ dis definetl on o, () it v0 voo oo TR

Definition 1.0.4. let a be a veal-valued function en o and det o bee
given positive function on o & function a* oo § T calledt e b
rearession of a with weichts W 17 ard only 1f:

(1Y a* is an isotonic “unction nn pocet (o, )

2.,

0 Tal) 2 OO = in 0 Tl - e e
Xt o fod Xt
where o s the class of «ll isotonic tunctions on poset o
From Barlow, et. al. (1472}, fope theiv Theorors, 100 10t

cornllary there), we have the following theorens,

Theorem ).2.7. There exists one an:t onjv e Taolonte «oore et

of 0 with weinht & on paset (0, ),

Sefinition 1.7.080 A set © i< conve. 10 g and oot ane |

N P

Pefinition 1.0 6. L cpt S 09 4 cone 1t %Ot then o ary ter pe o
veal pogcbor o, 09 €
Dofinition 1.0.7. A peset To0 b0 Tatt e b o el e b e
for an: “inite nov-enpty <ghoet lnf
T an s are twn dsotantc tindtiont on b et Voowe bt
oo oand ot o gy
e aYit? FOEY vl BRI G R




ol
(Fa gty - r{eYvg(ty  max(T{tY, alty).
then we state the tollowina:
theorem 1.72.7.  The ciass ¢ uf all isatonic functions on poset -

4 convex cone and a lattice.

There are some algorithms, such as the "peol-adiacent-violation

alagorithn (see page 13 of Barlow. et. al. (197.)) or Aver. brandk, i

Reddl and Silverman (1955) or the “up-and-down blocke™ alacrithe

(1764) . which show how to calculiate the isotonic rearession urdom im0

orvder.

The tollowing max-min formulas were adiven by Syver el ol

Theorem 1003, (max-min formulas)

Acure that we have poseot (L) where o = R

andd that tunction ;o R, thern the isatonic rearessinn ox of oo

welaht W ohas the fallowing Tormnian

a*( o) 5 max min Av{s. )

el os-t
whoere
i
L .
o okl )
¥ t
Aot i ! >
ST .
.H 1
D
-

- .
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Corollary 1.2.1. (g + ¢)* . g* + ¢,

fag)* - ag*, if a 0.

Corollary 1.2.2. [ {a*)g + ¢(2*)]* -, (a*}g* + o(a*), where 0 o

negative function and ¢ 1s an arditrarv function.

To discuss some more aeneral recults, we assume that topalat o

has an absolutely continuous locatinn-scale distribution funct iy 5
2 Ay j
Flxa gy 7Y = 00 D) where 0 - T} 1 for all «, - : ant 4
the values of SREERE and oare utnknown, but their ordeving, Lay, :
SHREE “ 1s known. MNote that in this case we replaon noothe
parameter space by -, all other cuantities remaining the e
Let us defin cubspace . - . ’ . ' : o
s define the cubspace ; RN ket g Lo )
i 1., k=1 and let subspace K o p oy o Gubttoe
N i
K
0T < o ;Or. then we have - 'UO i Note that U contyt i
1:

“0 could be known or unknown. [f 1N T onnknoem | owe o an e taad th

)

distribution of population 5 is [« ) and we tabe independen
J

‘\'0,
observations XO],...,XOn from 0 and the sample space 2. tarne, to
+. 4+
rer e (Xnysen. o X Koyreeo s X o Using the ot
: 01 Unst 721 >"kn ’

e k

tion of parameter space | we have

gre k%

inf P {CSI ) = nd At P (0n e
e 14k ne
for any seloction procedure « Ca.  Pence the Pr-condition i+ cquivalond

to




i

nf P (CS +) - P*, for i = 1,....k.

s i

Note that inf P (CS[-) = 1 for any selection procedure - since tnere
LS a
0

exist no qood population in this case.
cuppose Xi =X is the outcome of the sample mean of population i

i 1,...,k. Let 4 dencte the set iy “2""’”k; where P e s

and let W(“i) = njq-? W g(”i) = Xy i=1,...,k. Then by the max-

min formulas, the isotonic regression of g is g*, where

t
Yox.w.
o0 7]
g*(u.) = max min Jff-«A«, 1= 1,....k.
Issdosatek 5
j=s 7

fhe isotonic estimator of ¥ is denoted by Xi'k’ i = 1,...,k where

t
3 ijj
Xi-k = max Min J;S~v .
) T-s<i stk ¢
- )W,
j=s J
= max {X Lo {(1.3.1)
EATEI
“there
Xow. ¥, w. Xow. .+ X w
X. = min X, J—Jiijj~JfJ,...,'3 J;«-—+-k—k‘ (1.3.2)
Jjk J 'Vj wjH W.+. Wy

I.5. 1. Proposed Selection Procedure B

. . 2 .
Cave 1. known, common variance - known, and common sample size n.

"0
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Definition 1.3.1. We define the procedure 7y as follows:
Step 1. Select "y i=1,...,k and =top, if

‘ ()
Xy T 7 9,0

v
otherwise reject " and go to step 2.

Step 2. Select e i=2,...,k and stop, if
otherwise reject i and ao to step 3.

Step k-1. Select i i = k-1, k ancd stop, if

\

(1)
k-1:k 0 “k-1:k h‘

X, <o d

otherwise reject and qo to step k.

k-1
Step K. Select i and stop., if

- el
“kik 0T Tkek
v
otherwise reject e
Here d§?£'s are the smallest values such that 1 C&, that i | ot

isfies the p*-condition.




j.4.2. On the fvaluation of inf P (CS{‘]) and the Value of the
.
(1) (1)
tonstants d] K ’_d‘k_:_k_
for any o ¢ . 13 - k, let Z.'s i.i.d. F(-: 0, 1) then
PH(CS'\‘1)
k-1+1
) y 1) s
-P U IXe, v -d(., - 1)
TR J:k -0 j:k oy
k-i+1 § -
. IR
=P (U Uix. ., ~ = -(1(_ ',')
It ‘].:1 r=1 ik 0 J.k ‘,'n
k-i+1 ] -
Py vz 0 0ty
Y=l re) ’ ;/vn J
which is decreasing in ey 1T 1, i+]
Heno e
. . . . (M
lgf, PLCSTE ) PO dyne G
i
M the other hand,
inf P (CS7))
TL i
i
k-i+1
) (-
Pl U X, TP N
T j=1 Jrk 0 AL e
(1)
P a7 Seinnk!
whenever % (Lo - o - Q_"_O) &-7'
Thus, we have !
. S e an
int f‘.(f,. . (/k«iﬂ de iy k
A
ibahinha ..
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Since Zk K~ min {7 Chau the o

-i+1:

distributions as

N Iy +.. .17,
7o, . = min 7.0, ! .- 7*,
: 1 i

let V. -7 s

we have

inf P {CS!5y) = PV, ~ - d

ot
=

Theorem 1.3.1. In cse I, (uo known, comion known nd Common an o

size n), if d£12+1-k is the solution of equation

PV, ~ ~ x) = P EEEE

i

where

i~

V. = min
i

7 and /7. are i1 PO,
. .Y . 1
bar-i 7]

]

i=1,...,k then ‘] satisfies the P*-condition.

Proof. For any i, 1 < i - k,

' 1

S0 " satisfies the P*-condition,

.. ] .
Therefore, the praoblem of ‘inding the dg_s'ﬁ veduce o ot

distributions ot V],...

rems n the Theory ot vandon walk,

M

.oand VF' This 14 achioved by oo oo thoo




b2 %0 Some Theorems in the Theory of Random dalk

Suppose Y Y, ... are independent random variables with a coine

]\
diotribution H not concentrated on a half-axis, i.e. O - P(Y] 0,

Y, - 0) - Y. The induced random walk is the sequence nf random

variables

0 n ] n’ {
| et ‘
Ty P(S] 0,.. ’Sn—1 - 0, Sn 0 (1 f
and
v
. 7~' n ) . 1
(s) = st 0 s oL SRR 4

n=1 ' 4
then we have the tollowing theorem which was discovered by Andercer

(19530, Teller (1971) gave dan elegant short proot.

theoroem 13,27,

Theavem 103,30 (Feller (1070))

l et
- REEN A}
[)n \,)] O, .)n (]/.
then
oon 1 .
plo) s PREPAR [P
n-i
henee
n
0ol .- “ e A i
Ty (e Y l\n )} i,
n-1




By symuetry, the probabilities

Note: The above two theorems remain valid if the signs and - e
replaced by - and <, respectively.

*

low, Jet

U{ = max l ) Z%, j s 1.2,..., IR N
- T7r-] i=1
and
, r
V{ = min ' 3 7%, j 1.2,..., (r.o

Ter<i Ui
where 7%‘2 are 1.31.d. with absolutely continuous c.d.f. 6{-). U
would like to anpply Theorem 1.3.3 *o qet the distribution of Hl aned

R B A
]

Remark 1.3.1. The distribution of U;, do boooook Tor o wome b [
will he used whenever our goal i changed to select o subset contain

ing no population with navareter srailer than the control,

Theorem 1.%.4. The generating function ql<) of P(UL )o@ 1,

is

B o




where

n
S o= Y (Zi~x), n= 1, 2,...,
nooL

if the distribution of Y] = /) ~ x is not concentrated on a half-axis.

1

Proof.  Since the distribution of random variable Yi : 7% - x 15 not
r
concentrated on a haif-axis, and Yi's are i.i.d. et S.T o (Z% - %),
i=]
v I.....k. Then

Ut x4 omax ! S0 =458
J LYo
1orej

By Feller's Theorem 1.3.3, we complete the proof.

Similarly, ’Vj Soxr o= {Si S0, =0, 200,00,
'\‘\
whear |
i
S. = Yy (7L - x)
! y=1
;
Theorem 1.3.5.  The generating function p(s) of P(V% R ARRES
Vs vl s x) e v s, 0, (1.3 e
- J - LN n
g1 n=1
Hothe distribution of Y] = Yi - X 1S not concentrated on a hali-axis,
Coronliarvy 1.3.1. Both Theorem 1.3.4 and Theorem 1.3.5 hold faor o)
v wuch that 0 - G(x) - 1. .
ki




Proof. Let Y] = z; - x, then

and
O - G(‘/) - ]7

hence Y] is not concentrated on a half-axis.

Corollary 1.3.2. Both Theorem 1.3.4 and Theorem 1.3.5 hold ior ol
x whenever G = ¢, c.d.f. of N(0,1), or G = [ which is detinec at th

beginning of Section 1.3.

Proof. Followed immediately by Corollary 1.3.1.
Note that in the case of location parameter of normal population,

P(U' « - x) - P(Vé > x).

n
Let
' .= P 0;, =1, 7
J(><) ; (S] Yoo
n
als) = ni—) non’

we have

Lemma 1.73.1.

Proof. Since p'(s) = pisy « a'fs), *the result can he proved by andi

tion on n.




Theorem 1.3.6.  Under the assumption of Theorem 1.3.5

1 Tim danJ1§S)

l’(V' . X) = TV R
n+l (n+1)! o0t gt
] n
_ . v Y - { R A
e ij P(Vj : «)An_j+|, n=0,1,2,... (1.7

whoere

Mroot. By Lemma 1.3.1, we have

. o1 . (n+1)
PV LX) = (n1)F 11m+ p (s)
s+0

n

Lo (1) T, p)(0) Ltn-i) -]

i n D(‘f)(ﬂ\
n+l |Z qr n+1-3

P
ntl jio P(V, ) ntl~j-

Similbarly.  we have
; n

e G- U R . L (s, 0) 3

PO )T o Py gpq v ) PUS; 00 sy

o9 Limiting Distributions of Ug and VS

et 1 (x) - PU x) and F (x) denote the limiting distributinn

n n
function as n - - of Ud. Suppose the distribution of rvandom variahic
VI /i x 15 not concentrated on a half axis, then we have




and apply Andersen-Feiller Theorem 1.3.2, we have

F) =exp - o Dopgs oo o
: IR v
Simitarly,
G (x) = exp i- ! P(S 0) i 0
r=1 " !
where
G (x) = PV x)
Let

My

G (- d](,; px. Do

If 2., 1 = 1,...,k, are independent identically dictributed
N(D,T), then we can use the recurvence tormula of Theorver 1.6 o
solve the equations P(Vi v dk—i+1:k) px oo ok Heweo i

case I, ‘1(x\ IR THD N

) , .
Remark 1.3.2. From formyla (1.7 0% we know that déli']~@ . RN
, dopen , /(1) (r
does not depend on ko And we have d dy i These value ta
k-i+1:k 1:i
k=1 (1) 6, 10, ~and P* = Q8 375, 4L 9L 900G v

.7, .65 are tabulated in Table 1.




h. Some Other Forms of Selection Procedure B

| - A
Fenma 1.8, dﬁ_z 1s increasing in 1.

Proot. By Remark 1.3.2 and the fact

TS
Vg momin (Ve gy 0

Lemma 13,30 1f Cin 1 j - 1 - kis decreasing in i, then

1 i
Uix.., = -¢ = U X, - -c
i-1 itk y =1 Jik y
i i
Proof. UaX, , >=-¢c.o - U X, - ¢C. .
-1 ik J cy dk i
e
R ‘ '
X] k X]k, ] J R
On the other hand, 1f
X - C for some r, 1} r i
vk ¥
then
X - CL for some s, 1 S e,
Stk Y
SAnCe
z . 1
Xr:ﬁ méx Xs:k
1.5 r
Vo anse < is decreasing in j, this implies y<-k - oo for eome
| " .
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Hence we have
i i ;
Horx. R N VD Coe L
. kK i . 1k ’
i=1 J J =1 J J
therefore the lemma is proved.
Definition 1.5.2. We define a selecion procedure 5 by vepi o :
T Tt T T T T T s e I »
the ineauality in the ith step of procedure . by the inciualif, 3
Yoo - d! E B k
kN koL '
1:k URL S
where d%'k""’Jé'k are the smallest values such that | oati ‘e ¢
the M*-condition.
Theorem 1.3.7. The seiection procedure fpoand g are ddentica e
(]) ¢ 5 K
= ' = 1 r
J1:l< d1:k’ ! Lok ‘
Praof. rorany 1, 1 - 1 k, by Thagrem 1,737
(1)
p* - DS LY = pl 1 )
inf? {05 Pl ik “oiin

Un the other handdl Gsing the same avaumentis o« “ection |,

RV
have
L\* i”r l" /(r‘ [} D/-/ . ‘fn . ,\,
. 1 Sk-i4l ok T
€.
i
) .
Hence we have di~£ BRI B NN S
Since Ak X;.k‘ Phe “irst ston ot I and o are ddentiond T

i Z2,...,k, the event




olect S U O R

i N I 0 ke
[ I
i
ULy -
i1 3 0 P

- select S ’i

by Lemma 10302 and Lemma 1. 5030 Hence selection procedyres o o

are ddentical.

Iocbhe same Other Proposed selection frocedures .. -,

fn Cave T, we proposed some other selection procedures:

Y

detindtion 1.0, 40 We define a selection procedure ., by

Lo selec Caf and only ¢ X, o = LI I N
, ct ; and only 1 e k

where 05 the smallest value such that -4 satisfies the Drocondisio.

N

theorem FoR. 30 Under assumptions ot fase 1, and selection nvace t o

L. it we select population i then we will select popalations .

‘

For all i i.

Prool . Since ¥i. Yoo tor ald g

Pyaluation the Value o of

bov o any i, 4 i Ko owe save
int P (e \ ine b -
h-1+1:k 0
[ . e
i i
0y _ iy
\ v
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by the same arqument for selection nrocedure and here

We need the constant d such that 77V, - ) Proho e
. . (1, .
1. i - k. By lemma 1.3.7 we have - - 1;,;. Hence e have
- TF

ing theorem.

Theorem 1.3.4.  Selection precedare - saticfier, the P*-

with d = d§1

e

Corollary 1.3.3. If 5; ana S, ere the selected oubsets

with selection procedures ; end o, respectively, then

Proof. Proof follows from Lemma 1.2.7.

Definition 1.3.4. The procedure *; is defined as fullown:

Sten 1. Select LR i) ancd stop, if

Xy + g - d

otherwise reject . and go te ste, 2.

Step 2. Select R i 2 and stop, if

otherwise reject ) and ao to step 3.

Step k-1, Select K i k - 1 and stop, if

e -

et st tasds S daml

-



otherwise reject . and au to step k.

| Step ke elect N and stop, if
i Yoo T % o
N y N
{ otherwise reject L
i ‘
; Hepe Xi ik X ‘Xl""xi' and di's are the smallest values such thae
F Cosatisfies the P*-condition,
Yvaluation of di";
for any i, 1 ik,
k-1+1
- | — . o ~ d. )
inf PH(CQ 3) = inf Pl( iy Ko dJ :
C e ) n
i i
P 0 deoger )
Vn
"
M7y in deier)
P, Zi F(e; 0, 1).
Thin dmprliens "k-i'l = for all i, and
-1 .
d - E(1-p*),
. . , .
v (P*), if F is symmetric
T TR P ST SO
: q i v

Shwilar to rthe selection orocedure we have the following *heore

s

Theorem 1.3.10,  Selection procedure ) satisfies the P*-condition with
1 ~i“‘(l—l‘*)‘




i Definition 1.3, 40 Seledrion procedyres o) 1o defined a tolbow

Step 1. Select n i Voand stop, if

4 R

v o1

otherwice roject | and gn v tep U

thD Select 'i\ 1 Joand stoar i

o T d -

s

gthewise reject - oand on so ten

Step k-1, Select R ik Voard ton,

ntherwisoe re ect |-
Here
,—_]{ P
d - (1-px;

1
i} . . .
PoUPx) 500 G svrmietr i,

Theorew 1.35.11. The selection nrocedures L catistics the B4 conpipt g

Proof.  VYoroany 1, 7 Kk,
int bofre ) “f/t L - e
. . ) ‘
i

Theorer 1,31, The selpction procodure 0 and ' ive tdente ol

Proof . The vroof 14 simple hero o bt G0 amitted




The following procedipe AR qiven by Gupta ared Sobel (1960

without assuming any ordering prioe:

Detsnifion 1ot 6, The selection procedure s detined o follow :
‘r
Select 0 0if and only i1 0y, - (R I

4 i i 8]
VN
vheve o o the smallent constant <ucn that ‘4 satisfies the Pr-condiy

Itowan shown that the vaiue ¢ is determined by tae eaation

or

Pld) = P*7 36 1 i qymmetric.
Y

t.i 70 A Dual Problen

Heowtart with the same assumptions as in Section 1.1 Cage 1.t
thange our qoal to select a wubset wnich contains no bad populat e
the definition of a correct selection (F9) will now Fe charced 1o aeto
a4 tubset that contains no bad populations and the "coondition will be
detined based on thia new detinition of covroct selection (059

In Tocation parameter case, this probles i a daal probhles of the

ol probhlee. s nare v, Caeliect o suheet which containeg all qoa
popabat tons umdoy avdering prior aes et jon
e methad o otve thic peobies 35 that, firvct. (hanage the i

el b e g the ogten o oppnsite Sians then use o proe ot

or el tieg bt hece o e 31 Tiew ao0d” papulat tone




T T

where the "new qool” populations are the "G4 bad” nomdat ion Lot
changing sians; finally, redect the selected suboet and beep tfae o
mainders as the desired selected subcet. lot .. i N T (Rt
the above procedure which corresponds to e LA AP P RIS RTRY

tively.

Theorem 1.3.75.  The seloction procedure e i [ L I AP
the P*-condition in which the ¢ rrect seledction (0% means that

selects a subset which contains no bad population.

Proof.  Given P* and ehsevvatiors, “or any selection oot
i= 1,2, o0, after chanaginag the sians of o)) aooe fate o ot o
the probability that the selected subset & containg all hiw o
populations is not Yess than P*.  1f we veioct the goles fo o)t

S, then the complement subset S of S contains any “mew oo e
ulations with probability Tess than T1-"* but the "new oo o
lations are the ariginally bad populations oo whe ' we b 1 o
the subset S' contains any sriainally vad popatatyon wich o0 b
less than 1-P*, in other words, subsoet SOt no b Pk bt e
with probability aveater than or equal to V0 Since tha o

all arbitrary true conficurationa . we have o oblotod the 1o

Remark 1.5, 1. [t 1 cany 1o soe “na the vaige 12]_ i P VI

was used by ,] T the (th <top a dovor i Ly e et

whorn




I the distribation s symetric, then

1
1.8, some Proposed Selection Procedures ';‘), (A A D
When 0 15 Unknown
")
Case 1, g un known, ¢ormon known o common sample wioe n.

. [
fetinttion 1500 We define a selection hrocedure % b rer
the dnequabities

(1 :
X DU B Lo ! N
il §) ik ’
v
Heneacednre (Definition 1.0 with
2) . .
X - XN - d(‘ i= 1, k, respectively,
P 0 Qe <.k, resp ,
N
n ()
Hegae 4 yo X/, dl 0 Toooo ok e the cmallest constarnts o
f) . M 1k
i1
(7) o , .
tha! the welection procedure - Satisties the P ondityon,
Srenlar to the Cane Do owe nave tae toliowin thoovee:
cheovees LoD TA L by any i L KA (AL I SN R ITRTS B P

cop ot ion




(2 Sy N
k-i+1:k dl:]-' The tollowion RN

)
i .

It is easy to see that d

gives us an identical form 0¢ the selection procetarc

‘)
Theovem 1.35.15. The selection procedure g‘) will not bechanon 4
the statistics Xi'k‘ i = 1,....k, are replaced by Ai'L' i [N
respectively.
Proof. The proof is the same as that in Case | and hence 10 . et 1
ted. .
(2y . L. ‘
The values d]_{, i = 1,...,k are tabulated in Table 1 ¢
k=1(1) 6, 8,10, and P* = Q9 975 95, 924, gL i

.75, .70,.65.
Similar to the Case I, we propose a selection procedure

follows:

/ey
Definition 1.3.8. We define a solection procedure -} ) by .
‘ !
(2) . - .
. Select «. ' Ty 10X, Xy = o '
2 Select ; 1f and anly i - % ! . 1 ..

where J is the smallest value such tha! Satistiog the P4 ooty

Then, similar to Theovem 1.2.9 we have:

Theoren 1.5 16,0 Under acsumptions of Case Ty the ol bior tor o
{o L . oo i
) tinfien the Proconditoar it d !
;
f)
Heat, we defire a celoction nrocedure S whideh bty i
' t
bt reaslace by o the o nde mean o nang ot oo
noron
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fefanition 1.3, The seloectinn procedure Peo e it by rend pen
| n
X . Sl in o, (Definition 1.0.4) by X, AR i .
i 0 i p L 0 P '
v I v
where di‘....dL are the smaliest values such that 0 atictie,

Procandition,

Similar to Theorem 1.3.10 we have:
. 2) L
Theorem o317, The colection procedare ,(\2‘ Cati e i

\virbu.li A0 - 1, ...k where d is determined by the equation

(1 - [ {t-d)]dr{t) - p*, .

[

H 5{11—1)(“7‘?) = DR 0 iy symimetric

And S‘) will not be changed if the statistice (1 19 veplar el by

the wample mean of pobuiation r for 1 - 1,....k.

(?)

The tollowing selection orocedure wdas prapesed by fGuanta e
i

Sobel (1958)

Detinition 1.7.10. The selection procedure iodeTined by

Sy . .
e Setect o0t and only 1 X, Y.oo-A 1 [
i ] 1 0 .
AN
1

whoro o i+ determined by the followina equation 16 0 i rovead o

bt jon:




For the special coce nyooon L T I

1
N iredt e e e

If Fis normal disteibution N(O,PY, the tables ot o vl g

isfying the Lquation (1.3.25) ‘o several valuec ot P* o giae 1

Bechhofer (1954 t o« VT e i St Tl
/ \

T.3.9. Some Droposed Seloction Dpoce fgres 1,
1

when Common Varian. e s odnknown

Case [11. = known, Cormon vartance cibown, '
: : i
In thie tace, we ansamee thayt 0 ovs - 00 whie b e b o ;

NCOLT).

e . N L . X . . 4 t
Definition 1.9 10, We define the ol T ovgoe e : IR B
)
the dnegaatitde 1
i .
¢ A ; :
T r RS ]‘ '
[
P oy e (Desanitior RN
\ 1 1 ] N ' . 1.
B , 0 ey ] . N
| 1 0 ' v A
| !
() .
where o o oarve the g Togt uat o o ‘ ot ch
|
» L .
Pr_confitinn, S depotoe the o T en i e e
i d o, that i
, "
( v L}
1o
L
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Note that 0 has the chi-squarve distribution 0 with foaren o

tyeedon.

By using similar arquments as in Case 1, we hdave:

\

Theorem 1.3.18.  The equation which deternines the constant dﬁn

N
P
Py { Sy 8l
. a0 . ; P o
Y k-i+1:k
[RE S
[ I’(Vi dk~i+l'$ vig {y)dy - P* i
0 :k
whoro
e
V min i
1ori i1
amd q {(v) is the density of -
Wi can rewrite formala (1.5 250 as
[ T
Sy gl ST
“n i R :
Oy
-] .
- P L e .
Py - . iy [ 1
b i T oL ‘
( \ A




Rewmark 1.2.4. The values of 4Q:iiijk‘ oo b et o AR

3) o3
i

ey 29 4( v
hence \Ak_-"l:k ] e

Byousing Rabinowitz and Weiss oule {(19959% Lwith n oo
(1)
we have evaluated and tabulatesd the values of \L ;*,,‘\ 1 I
T [ NS
in Table 1107, for k 2N 6, T J L O I L S H UL LN ‘
A00 and 7L with cormon savole sice oo 5, S, o, o U 3
i
S e
for &k Hoand o n DLW L g !;f. R E Rt F TN P RS A R PR -

g . '
k-1+81:w

4
0
Definition 1,30 0 We tefine the olectjor brocedure Dy
. - - . ) ;
L melect L T and ondv ot X R ) [ ]
; i ik ! .
E
2
. . . ) e . *
where S 15 defined as on procadure 0 oant b LK IO N I #
{3} L T s
constant such that 1 7 watisfies the P*-condition, ¢
N *
ro R
Ao tietore 1t can e shoam taat !,¢Q

Reoark 1,050 Theorer 10000 o000 nndd voe Do LD 0 o0 (i

. o :
selection procedure - Sl et te chanee 1 e veplace e e

statistics . by €. 0 orvonroct iy o A A K AT A PYRVENER RS
ek ik
.
true foy Leloction pyace e
Nefinition T.o b o0 The oden S et ST L etiee
.
Same farn A prodedyre IR RS TIPS R ST FITSIRTRITE I B ARVARNE PR O R
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The proot of the following theorerm uses the sdame argisaents

au that in Case T, hence it is onmitted.

Theorem 1.3.19.  The equation which detereiines the congtant 4 of

(2)

celection procedure © is
b

;odydiq {yidy = Px o1

0
Gupta and Sobel (1952} gave a selection procedure A TN this
case. It s as follows:
(1 ¢
Select . if and only if ¥. - . - 14 7 i Tyl
1 i ‘ y i 0 : > '
v 1.
1
and the equation which determines d is
3

I N .
[ ydia (yidy = P+,
0] :

. . . 4 . .
00 “ame Proposed Selection Procedures ‘g R O

When Both Control Co and Common Variance - are Unbnown,

7
unknown, common variance ounknown an:st corens sargiie

fase TV, 0

- i

e asoume that in this case distribution ' ode the cod. . 0!

and dennted by 0 We veplace “n in each selection procedore
o
. g b, ot get oy mencedanees 0 0 o0 A e Five]

Pt o (1) denote the ¢ od f. o tne chi-square distribution with

. o)
e o , . - L oo
Fin- 1) degvees of troedos. The constant dp iy T by
(ay . . l
ar oo eduye 1 in determioed by

i .




. ’ e oo { { ' ° (
t . 1/] U 1L~f4!‘b . A t {
'\z”‘.\ .
The constant & of nrocedure 5 14
s
AT
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. - . : : N vy :
The constants A4 of orocedgres dnd A apre detornioed b

S S TR ¥ R TR N DT !
with r = 1 ona k, respectively, and “heir values for seloctio, gal

of P* ok oand are aiven in Gupta ard Sebel (V9570 Lo Dot ]

120100 Praporties of the Selectior Drgce by
Under simple nrdering prior, it g natural to reguive et oo

selection procedure is ovder-preserving ac defined below:

Definition 1.35.14. A selection nrocorure T ordev-mresorvir 0ot
selects S witn parameter Ceoan P ; o, then coaln ot
Procedure i weak ordec-pryoserying ar o monntone o

m ; it selected' ) - Pre s seocted 1 wbencvin

Tt iz eacy to see that any ovdor~ireneryineg colectios peace e
s weak ordar-presevyvin g, huat She coryey e 1 nat e

)
i

Now. et

, . 1 1 o
Theorem 1. 370, The selection proce e ;o ! o
) i ‘
nrder-cresaprying  and pracedgee T onatirn-, b [
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“y then tor any o, 0 i
Sup Poaste 8
. !
N l‘\—'
1 P v\
.
Sup A O - 1;’ ‘
K = -1 ’ '
B S
g r 1)
_ . n( u 7 . _ j\ Ir, \l
e o : ’
On the other hand, tor orocedure
Al )‘ \
N ¥’ -
Sup (:\u REE ' RN 7 B t’(l",
, ] Tk
S . -1
K- re 1
Formula (1.2.36) is dincreasing in © and 5 qroater b

Fortuda (1.3.25). siace

Therefore, we have the followina theorer.

Theorer: (.3.22. ftor any i, 0 - i

R ot S . [

sup  L(SU Y wap Eie ~,).
o '

T ~

Su F(Q," q\ Sy [ ’\\

Theoren: 105,20 Iy Section 1.2 Cosn D0 tar gy (1

where 1 } e
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Sup r(s .) sup E(S ,7 k- aqil-g )RS0 O I
e 0
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1.4.1. Proposed Selection Procedures L i

Case I. Control 4 known and common sample size n.

Definition 1.4.1. The selection procedure
Step 1. Select «., k and stop, if

Y . .
ek Seew o0

otherwise reject " and qo Lo step

Step 2. Select R ik - 1 and ston, i

otherwise reject k-1 and an to step

Step k-1, Select i i and srop . 1

atherwise reject -, and an toy Steg

{

“tep k.o Select 2 and Stop. 1

otherwise reiect -

0.

=

define




.
fiey [ ( l\‘ 1 [ S RN EI  ATE Goallen ol AL "
1ok
o iree e the TR it ion,
)
Fhe e l. 1.1, Ancuarr we have coaron L w{)]t‘ e s o
AR

! oo Lk and the constant o I T
I.r
P ¢ ) L . .
i itk
whiey
Y ' Y
PR
U, ax . .
i _ ' iont] '
S8l

d.owith dengity

Sty e L
i

Pheo the onncedure ¢ catis¥ier, the Sr-candition,
)

oot . o a1, | 1 bt the anknawe s w0t
Pl e 0 oot popalat ions . thens ardler the poeoce toee
'
NI |
(s
3
1
L
' ’ i hf .
i '\ . - ; :
{ ‘Y H
1
b
o .o
[T AL N 1 '
N 4
v b to. ver] ¢
1
. .
.
} . )
[RX : ' R o .
o
. 1 L
i}




k Y. o4y,
=inf P (U ((max min > el tot Ciy oy
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Henoe by Theorer T35 b, we nave tne following veoaryer oo
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When o« 0, both sides of Fgaation (1.4.4) ecqual to zevo,
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hene e
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*

Definition 2.4.8. Given a number P (- < P . 1), X = x and & prior 1,

R AN L

>*
for any selection procedure w € &(1,P ) the ratio of the posterior prou
ability P(CS{v,x) and the posterior expected selected sice L{S|,,x) 1

called the posterior-efficiency of ¢ and is denoted by EFF( . Ix),

v - HRp)

If EFF(y]x) ~ EFF(."ix) for all ' ¢ & and all x, then the .cloction
procedure - is called "posterior most efficient” (PME) selection proce-
*
dure in & (1,P ).
* .
Theorem 2.4.3. The non-randomized posterior-P selecticn procedure ““V

~

*
is the PME selection procedure in § NR(T,P ) =L NR® given i, P

Proof. By Lemma 2.2.%1, for all €& NR

a0 € £NP SOEFF(p'ix) » EFF(yfx) vx ,

hence it is sufficient to show that:

* *
Given t(s), P, x, EFF(szii) > EFF(y'ix) for all 4' ¢ nhR(.,P ).

We know that, in 5 \R (:,P*) hence in S&R (r,P*), ng always has mini-
k k
mum selected size, i.e. vx,V pﬁRi(x) tc= ¥ w%(x) for some intencr
i i1
¢, 0 <c<k-1.
k
.Z] a5y (ppy1ix)
) = S
EFF( ‘,) K
Lovpay(x)
j=y ()
k B
ARG POPL 100 g a0ty )
A »~»——-E - - -
i :‘(i)ﬂ:

1

1

Asaha b

P

andhn
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ng(i)(5)p[ﬁ](5) + Cp[k_s)(x)
- k ——- - [ U
}

4

- B
= EFF(upplx)

The last inequality is obtained by

t
€
=
el
—
-
~
—
ix
~
~—
o
—
~

[

w
—
—
| X
~

fheorem 2.4.4. The randomized selection procedure wB is the PME proce-

* *
dure in & (+,P ) = & for given r, P .

*
Proof. 1t suffices to show that, given ¢, P, X = x,

EFFGBIx) - EFF( X)), vl eal.

Suppose WB(x) (0, oyl l) 0 <l T es < k- T

Nt ——

s terms

Ry theorem 2.3.1 there exists ¢ - 0 such that

POV



q/

If 0 <c <1, then

"
i
I
i
1
;
i
|
t
1

EFF(y'{x)

= EFF(wBEx) ;

If T <c=v'"+t+(1-y), t >0 integer, 0 « v' - 1 then

k k
. _ B ) -
Lot eyt = b I 00 ety
+ p[k-€~t](X) + .0+ () )“[k-a]{')
k g
Ly ey e epp ()

hence by the same argument as above we have

EFF(y'x) - EFF(uBIX) .

Since x is arbitrary, the result holds for all x.

2.5. Applications to Normal Model
Suppose we have k populations LR poputation 5 has dinteaby

, 2
tion N(“i’ui)’ where ni's are known and “i's are unknown. Ascome that we
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have 1ndependent observations Xil""’xin
i
n.
g
ST Xij and Tet X = (Xy5...,K ).
=1
Suppose we are interested in selecting a subset containing the best
*
(the population having the largest mean) under the posterior-P condition,
*
wrl some prior v = 1(.). Then to find a Bayes-P selection procedure is
equivalent, in some sense, to finding pi(ﬁ), which is the posterior prob-
ability of the event {x, is the best} , given observations X = x, wrt a

qiven prior :, for all i = 1,...,k.

Case 1. Assume that we have a common sample size n and a common known
o 2
varjance
la.  Suppnse we have no prior information aboul the unknown parameters,
and use the "non-informative" (Box and Tiao (1973)) or “locally uniform”
prior p(“i}«c for each population.
The posterior density function 9; of i given x is the normal den-

) ) . 2 .
ity with mean X and variance » /n, i.e.,

Heng e

.th

Here ) 1, the quantity corresponding to the i largest obuervation

..

Shade gy e ¢

andh
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Ib. If ui's are independent and have the identical prior distribution

N(eo,og) and Xi'“i . N(ui,og/n), then it is well known that the postering

density funciton 9; of 1., given X = x is

i

gi(“ilﬁ) . N(Ex ,gz) with SIP property

i
where

=g (06260 + no{ZXi)

2 _ -2 -2y-1
L= (UO + n]O" ) .

Hence
_ <« ’ "‘2 .
p[1](?(_) = f ﬂ ¢(t + <,ﬂ\.,] (X[i] - X[J])d’q’(\t)
~m J#I
The last expression for p[i](i) is the same as that for the non-informa-

tive prior whenever og > =

Since p[i](l) = p[i](§.+ b) and since the normal distribution has
the strictly SIP, it follows that oB and wﬁR are "just" a.e. and trans-

lation-invariant in both case Ia and Ib.

Case 11. Variance ci's are known but ui's and ni's are not all equal. L

Ila. Using the non-informative prior p(“i) o c, i7Y,.. 0k, we haye

w V. Xroq=Xr.
Priy(x) = [ 1 a(t 0, I e (t)
R R T T
where V(i) = ;fi% i=1,...,k. p(i}, ’(i) and n(i) are corvesponding to
i

X(i1] and we have the following theorern.
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Theorem 2.5.1. p(i)(§) is non-decreasing in i, i.e., p(i)({) = p[i](x).

Remark 2.5.1. From the above formula of p(i)(l), it is easy to see, in-
creasing the sample size of the non-best populations will increase the
probability that the best population to be selected, however, before do-
ing this, we don't know which one is the best one.

In this case wB and ng are "just” a.e. and t anslation-invariant.

Case TII. Assume that priors are independent but not identical normal
distributions, namely, g N(ei’ogi)’ where ei‘s are not all equatl,; if

T g -
the conditional distribution of X, given i, is N(u., n‘-‘- ), then the
i

posterior density of by given Xi = % is gi(nilxi), which is the prob-

ability density function of normal distritubion N(éX ,5?) where
i

- _ .2, =2 -2
“x; T £5000505 * njoy5%3)
2 - -2\~
By 7 logy * oging)
Hence we have
p.(x) = [ n oelt 15 -5 )Jde(t).
1 NP £ . [ X .
- J# J J 1 J
| f “0i ST and n; n, i = 1,...,k, then
ri»;:((1-2+(;[‘.)-‘ 1—], ,k
and
T n{x:-x.)
j
o) - L Lo O e L ey
- JA .-.0 1‘)




Case IV. The General Normal Model
Here we consider a more general prior. Suppose we have k popu-
lations, common sample size n for each population, and common known

variance o2 >~ 0. The observation can reduce to X = (X],...,Xk) where

n
X. = 7 X../n, by sufficiency.
o W

The "Normal Model" is defined as follows:
) 02
(a) Xig - N(u, al), g = =

where 1 is the k x k identity matrix.
So the X's are (conditionally)independent when i is given.

(b) w o~ N(e

u 0 1, vI + tU)

where 64€R, v > 0, t > - %,

1=(1,...,1) and U=11.

Here y ~ 0 and t > - - are necessary and sufficient for ,1 + It

k
to be positive definite. This model was chosen by Chernoff and Yahav

{(1977) (t > 0), Gupta and Hsu {1978) and Miescke (1979).
By (a) and (b) we get the posterior distribution of -, given
X = x, and the distribution of X as follows:
p!x - N(, al + bu)
where

-1

0= ylaty) e+ at((ar) (grekt) T+ glarvekt) T |

2= vqlg +r)]




b = qzt(q+v)—](q+Y+kt)']

X~ N{ml,(g + y)I + tU)

Lemma 2.5.1. Let Y ~ N(u + pl,al + bU) with 4 (IRk, n€R, a - 0 and
b - - a/k. Then there exists a random vector Z - N(.,al) such that

h(Y) - h(Z) everywhere for every translation-invariant h: Hlk . R

Proof. (See Miescke (1979)).

With this lemma, it is easy to get

Pi(x) - Plug = upyqlx)

Nes
= J1 (1)

¢ dy
{us=ur 11 Y Y9
T (% B )

where ¢( V) is the normal distribution with mean . and variance-covari-
iy -
ance matrix V.

We can rewrite pi(x) as

p;(x) = _{ j;i ot + (6(d%;7)i(xi - xg))da(t)

let - ug, q = oz/n, we have

2
.7 “0 N
pi(x) = [ et d (e )R (Xg

- A T el

i (%
n ( n 0
The above expression is exactiy the same as that of the independent prior

Case T, Ib.

Case V. Under normal assumption as before, but suppose ni's are unknown

and that peither ”i|5 nor ni‘s are all equal.




b0

Suppose we have no prior information about (1,0}, for edach individu- ]

al population T assign prior p(ui,oi)ro;] then we have (See Bor and

Tiao (1973)) that the posterior density of PR given Xirxif(xi]""‘xih-\
1
is
(Si//ﬁj)_] n (“1—X )° - (“i’l)
p(l-‘]l)‘\.l = _'“"'—-‘i"—/'r‘_’_- 1 + -- A--2—~—— ]
B(;, J.',;'_) V3 \)151-

where s? is the sample variance, B{(-,-) is a Beta function and - TR

Hence
Z .
HiTXy 1 b e Gyt
plty = —m i) = oo = (T ) ~
S/Vn.i B( \)1-,;_))’\)]- 1
which is the density of the student's t distribution with uj( n, - D)
degrees of freedom.
Using this result we can write the formula of pi(x) by y
E
D.I(X) = P(“i > u‘j, Vo jtiix)
//~ 4
S./vn. X.=X.
= [ 1 ij(t Aty )dTvi(t)
j#i V. s/
JA sJ/ nJ 3/ "
where s, =n. - 1, i=1,...,k
i i
.i
2
[ = - A
7 & (x5p=%)
r=1

Tui is the c.d.t. of t distribution with 5 degrees ot treedon,

When vi's are large, t distribution approaches normal divtribution, hence,

for large ni, i 1....,k, we can replace T by .
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Case VI,  Suppose we are interested in tinding a subset which contains the
population with the smallest variance; i.e., we define the best population
as the one with the smallest variance, and suppose that we have no prior
information about o. In this case, it is reasonable to assume that

-1 )
plaso)en 7, if 4 is unknown

-

p(d)nn-], if ,; is known.
let i
i
v s viSe s ? (X =32 if . is known :
N A A R L ;
2 k 2 .
oo- -1, vl S E (X, =X )T if w is unknown, n. 1 =1,2,.. .,k
i V3% L By I ] !
? 2 2 _
S (SPo- oS )s X=Xy ""’an,)
1 k
and Y Dbe the random variable with c.d.f. xf which is the +° distribution o
- -
with . deyrees of freedom.
g
Then for either case (y known or unknown), we have q
o 2. 2 . *
pi(x) = (ni = “[1]1* = x)
_ 2 2 igiiy -
T PO oy VAT = x)
; n
SZ ;1sf VS N
S O R A R R
< 2 52 !
7 i Vi
2
SR T - ?
SR Y (), RS - s
] T\J»Si
B 2
[ ~ {u J %)d (u) [
0 J# ) Vi i
L




Can ot byl

I
N

* bl
With these p](x},.._,pk(x) we can apply Bayes-P  rules ,b ahd

N *
Lemma 2.5.2. In Case VI, VL and ’ER are just a.e. and {scale} transla

tion invariant.

* Here the definition of the “just" property for a selection rule

2.6. CQ@EQXi§Qp_QfM§§J§££jpp_ﬁy}e}iiﬁﬂand>&MﬂjnALhe Normal {ocalion
Parameter Case
We have k normal populations with a common known vartance

common sample size n. For this case Gupta (1956) proposed sttt v

procedure ,M

gM: So%ect ., 1ff X, » X 1 - d - - T, .ok where
1 1 [k B '/n

is to be determined by +
. M
inf P(CS;;") - P
Ve (“.

and ;. is the parameter space.

>
We will show that wM( & (-,P ) where : is the locally unitor,

NR
+
prior distribution. Ffor fixed P and k, let d be determined by

k=) .. ) i
[ 77t + d)de(t) = P Lot

Let




ix Cotx d

tall possible observed values; =

R

dhesinntbiliines

k

! IS I
Cd Lo < X~ - d - Lty 21 <k
i IX(,, !x[1']J Xk] X X[l]f 1
.,#]) X W Xy gy = Xrs oq Xxpoq - d ° Xp.q:C o
[ (] L= (k] / [i] i
y N
() . ) ; ()
-_]» {x ¢ ix“] = X‘L1_]] X[k:l d 'h X[1J A[”-l] [ X g
f
then we have the following theorem.
L. . * ] * . .
Theorem 2.6.1. Given a number P (k < P 1) and Jocally uniform prior
for each population e E = xCn i then
. Moo *
p(LS,‘§'\;: \(_) 7(](]) #
i
where é
N
* k-1 (] P*\ P* !
= o - +
q ()= o o )
Hence
B0 , F* i
R N )
Proat. It i sufficient to show that f
!
P\~ - k_- . * ,* !
inf Y e X )T {i)- ;’1 (1 - ") +7 |
j AL k-1 !
X €. N I
j
Since omoU o
l
P o info 0es ,
Y 'l]
k
i . ;g]:‘\-.
oy b
d
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Without loss of generality we can assume ° = 1.
/n

Since

I~ X

D[i]\§)=1 yx€x,and v i

i=1

p[Q](é) is nonincreasing for all 1570 J < i-1, we have

Kk k
inf - Loppgld = it gy Loepyy(o

i-1
=1 - sup P (%)
PO DS [e)
X(A‘i
-1
=1 - sup L B X 1- xfi‘)”‘\"
Y 521 e d ; (i
x € ;,1“/ 1 -w 3¢
-1
:]_ Sup Z J’ i ."(t,‘,x _vv."i)
.. (]) =1 -w J] [] IR
X €L .
- i
: - Xp. b (t
oy )
i
i-1 [m
=1 - sup ) Pt + x - Xpq)
NG DI R (-1 Il
X(\.i .
2172 (t) e (t)
i=1 ’
o T Y S PLLI PO RTIES) (b
=1 -




The superimum of (2.6.3) occurs when 5‘62,$2). The last equality

follows from the identity
(k - 1) [ 5 2(t)a(t - d)de(t)
=1- @k'](t + d)das(t),
which can be shown by the integration by parts. By (2.6.1), the second
term of (2.6.3) equals P*; then use the integration by parts to the
first term of (2.6.2), we get

k .
inf ] Prigle) = I (2.6.4)
X Exi 9=

= g*(i) .

Remark 2.6.1. If the procedure uM selects (k) only, i.e. X = x€x,
then by Theorem 2.6.1 we have p[k](x) ~ P* so that JB or iﬁR selects

(k) only. But the converse is not necessarily true.

Remark ?2.6.2. For the case k = 2, wSR = wM a.e. For any given X = x:

if x(‘Q?, then p[?](x) -~ P*, hence yM and wﬁR select the population
iat

. M
Wb, as ( 4. f C Ca e - d -7 h : o
;(/) associated X[?I If x< 1 and x[2] P x(]] then an

o memmm s

=



19

wﬁR select both populations 2 and o Since

p(xm - d n— = xm) = 0,

8 =
we have "NR

Remark 2.6.3. The above Theorem and Remark 2.6.1 gives us a lower

k
bound on the value of 7} P[,](x), over all x €l The exact valuc
0= T

2
of the difference of the selected sizes between pM and ¢b depends, on

the observations.

V.=a
2.7. Apptlications to Select ]méxk EETRI :_J;*, for Normal
<1<k i
R
Distribution N(”i’ ai), i=1,...,k

Let Tpae sty be k independent normal populations with nmean I and

. 2 .
variance oy, both g and a; are unknown. For the goal ot finding .

random subset which contains the pecpulation with maximum "

for some given constant a, we assume that apriori (“i‘ ‘i)‘ 1 ... .k

are independent. Suppose we have ny independent observations

X”....,Xin from " and let Xi bo their sample mean, i | IR
i

‘)

Let Yl""’Yn be i.i.d. -~ N, - ). If no prior information i
available to (., ), we could assiaon a locally uniform prior
-1

ploy 1) to (.., o), (see Box and Tiao (1973)). And the posterio

joint distribution of .' : 1 - a and », given observation

Y=oy (y]'..-.yn) is given by




110
Plu's oly) = ko (n*1) exp {- "]‘2‘ [us® + nly' - w2
20
where
n‘
y'=y-a, y-= E] y;/n \
) NN, (2.7.1)
= /Nl vyg-Tvsy2
kK= /2 T, o1 (92
Let + = 0 (n-a)/o, with (2.7.1) the posterior distribution of ;. given
Y -y is
polY = y) = p(n]t)
v v
2 NS Y ¢
= {2 IV ) exp T o () (DT )
2! 2 Y 1 172
where

t Ynly - a)/s, v n-1

Now, let p(ui, wi) - n;] be the assigned locally uniform prior

to (wi. .i)' Then let x = (Xil""’xln]""‘xknk)’ we have




3 N
’ n.
= p( hi{>s;. Vvi#ilt)
; N
—
=[ w6 (/2zltde, (zt) (070
i i i
= [ 16, (zt)da, (zIt) if Ny T,
J#F Al

where G€ is the posterior c.d.f. of r, given x or t.
By (2.7.2), the Bayes-P* procedure is completely specified.
If the prior distribution for (u, ) is the conjugate di<tribut on

(see Raiffa and Schlaifer (1960)), then

plu, 5) = exp {- ~j7 n'(-m' )< ! exp - ]2 AT :
2(14 K L"
= plula) ple)
that is
p(irio) - Nm', «“/n'), n" U
pla) - %S0,
Let 7
+ t )
x' = nﬁ~1~: m. , X 1s the sample mean.
¢ 2 !
Uoo= i (n - s+ vt 4 [t )/ {n o+ o ) f(x - mt Yy R

vEer (n - 1)+ 4]

t* - (n + n')]/2(x'- a)/u,

the posterior distribution of r*, given x is p(+*'x) = p{ *"t*) which

has the same form as p(<!'t), but replace +, t, « by "* t* .+




e
Thus tor the conjugate rioe case, we get
) '\ i { ' Y
‘l( ) P P
A1 } 1 1
v
j’ ,(‘.. \" '.,‘: \“.,\A I‘\' 1‘ ”‘\ ' &
20 ' 1
. . * »
wheve G, 1s the posterior oo o given x or 1.
Note that {.7.3%) has the same form as (2.7.2), but repaloe
Ltby Rtk
St Applications to Poisson Jistrioutions ond Povscon Proce s
Pl . rnons an t 0]
{
Sotcle Poisson Distribution: Case
Sappose that ya. e k independent Poissan popubationy o wher !
the independent observations xi],...,xin from S have the Pioigoon
i
density with parameter «. denoted by P(-‘~i). D I
l et Yl""'Yn be i.i.d. with p(- ). 1f we use non=infareat o
NN Ve ) : I : v :
priov p(-) (Box and Tiao (19 2)), then qiven ¥ 7 Ciya e
we have the posterior density as follows:
ny-
p(y) - MY e e i)
where
n !
1 ny + ) 1,,-1
y oy and n S ey v
(AN 1 ’
i1 4




We see that 2n-|y 1+ the chi-square distribution with

2
“2ny+
2ny+1 degrees of freedom. Hence by using non-informative prioy

p(\i) , \;]/2 for each population ~., we have
pi(x) p(\f = ‘[k] X)
w n.
=/ - e ”-])d ()
- J#i J j i
where
n.
i
g7 ang X # 1, xg = _Z xij/”
2=1
If Ny e My then
2 2
Di(X) = T (Z)d \;'(2).
0 i#4i 7 i

With pi(x}, i 1,...,k, we can apply Bayes-P* selection riule

R . . .
F easily to select a subse* which contains the populat ion

B
and “NR

with the larqgest parameter » . On the other hand, if we are intere ted

in selecting the population with the smallest parameter - then

. n 5

) [ e D ()
0 ifi i i
f SR R B ,{ vz e . (2} if n‘ "
037 3 i

In this case, the simulation resylts for selection procedaae,

and dare tabulated on Table VI,

B
“NR

PPy ¥}




114

2.8.2. Poisson Processes Case

Suppose we have k independent Poisson processes
1X(‘)(t)},...,{X(k)(t)! with expected arrival times equal to

! ! . respectively. Hence for the processes :X(1)(t)}, the

| ety

i k
probability that there are I arrivals until time ti is

{f there exists no prior information, then we use the non-informative

V2

; for all processes. Therefore, we get the posterior

prior p(\i) Y

density function of oo given (mi, ti) as follows:

ol
[hus Pfi‘i has . distribution with Bmi+] degrees of freedom, qiven
Lhe number m. of arrivals before tine ti.

lot m - (m],...,mk) and t (Tl""‘1k)‘ then it can he shown that

. (1 . .
the Poisson process 4X( )(tf‘ has the maximum parameter (or minimun

mean waiting tine), qiven (m, t) is

L A A




w t.
2 J 2 :
p.(m, t) = [ 1 aly 29 Gy ke )
i 0 j#i ij 1 ti am; ]
Here we 1ist two special cases which are of interest.
{a) Observations of all processes are obtained in a common time
interval [Si’ t + Si]' Since Pyisson process is stationary, we

can assume that S = 0, and t] =...T tk = t. In this case

wo

L2 2 N
py(m, t) = [ o xp q{y)d “om 1Y)
0 j#i 2 !

which is independent of t.

{b) AN mi's are equal, i.e. we fix m first, then net observation.

Hence

- t. .
- S Tyd L6
pim, t) = [ ol DG ()
D j#i

There is an alternative way to approach the cases (a) and (5.
Let Ti be the waiting time of the nth arrival in the ith process,

then Ti has a gamma distribution with density qgiven by

- me-l-ast H
(t) = - {\.t) g - 0.
p(t) T(mi§ (\1 » t
. . . -7, v
If we have only non-informative priogr n(3) s then, given I ared
. . . . . ) 7
tis zti\i has posterior dictribution .?mi+], therefore the torala

of pi(m, t) we aet here is exactly *he came as before.




Remark 2.8.1.  Under non-informative prior, in comparing the cubnet
selection problem in k Poisson distributions with the problem in &
Poisson processes, it is eacsily seen that Poisson distributions noded

is a special case of Poisson processes model, namely, ti =, where

n, denotes the sample size of the ith Poisson population.

2.8.3. Relation Between Selection from Poisson Processes and
Distribution

Suppose we have k independent populations, the ith population

having the gamma distribution with parameters . = mi TknownY,
= 1/-1 (unknown). Since the random variable Ti‘ the waiting time

until m arrivals in a Poisson process with parameter g has a
qamma distribution with parameters » = mi’ .o 1/!1. If the wi‘s are
qiven and if the goals for both selection problems are the sare,
namely, to select a subset containing the population {process) with
the larqest parameter 3, then it is easily seen that these are
identical problems. MNote that in the selection problem of Poisson
ProCesses mi’s might not bo the preassigned o laes but dre given
randon observations whenever ti'e are nredassianed values. In this
case, the selection probleri of Paisson processes i different from
that of the gamna distributions.

L the proces< associate’ witn the oinimgm parameter - (or the

B e waiting tise) iq the boot o then the postorior probability

p
L ‘ .
ot o pg XY )(f\-tJ et be 1 anatogous to the ane ahtatneds

-

s




before with the modifications that the integrand function

t.

?
T (y &)
41 2mj+1 ti

of (2.8.1) is replaced by

t.
. 2 i
b "~2':‘|:+T(y t. 1.
J#i 5 i
A ()
2.9. Comparison of the Performance of wB, wSR, &N and ;M‘J

Let ny i = 1,...,k be k independent populations, where ; ha the
associated c.d.f. F(x, ‘31.) = Flx - (‘1.) with unknown location paramet
9. let (x, *i) = fx - "i) be the p.d.f. The qoal is to *in'

small (nontrival) subset which contains the best.

,MFD based v BRI

The following subset selection procedure
medians is due to Gupta and Singh (1980).

MED . v '
N Selec . A. - £
¢ Select i if and only if \1 --X[k] !
where Xi is the median of the 2m+1 random observations from popnlat 1on
L and X = max Xi' The value d is determined by the following
.i

equation so that the P*-condition is met.

[ G(u + ¢V qluddu = P

where

glu) = ST e - ) ()




G(u) = IF(u)(m + 1, m+ 1)

I {p, g) is the incomplete beta functiarn.

y
In this section we use Monte Carlo simulation techniques to compare
. B B M, MED .
the performance of selection procedures ., sgpe oA in tne

M MED

normal means problem. Because both rules v and are not based

on any prior information about tne unknown parameters. we assume that
QB is Tocally uniforrly
NR ’

distributed. Since the selection procedure bM satisfies both the

the prior distribution « for both .B and

P*-condition and the posterior-P* condition wrt the Tocally unifor:

. . B
priors, it makes sense to compare the Bayes-P* procedures .~ and

M

. MED . . .
with | in torms of efficiency whicn

[ 1 Y
uP vith ;M and conpare i

i the ratio of the probability uf a correct selection to the expected

B

selected size., Tor studying the robustness of these four rules, .7,

M 1 ) . . . .
oand JPEU, wr change the true distribution to non-normal dis-

e
tributions, namely, the Toaistic, Laplace (the double exponential)
anid the qross error model (the contaminated distribution), but keep
the <election procedure unchanged (i.e. still baseag on the normal
ancamiption) . Ine Monte Carle sivalation results for both equal die-
tancen bt the parameters and siippage cases are tabulated.  In the
St lation study a1l denerate randon variables arve adiucted to bav
darvance 1o bach tire we genecato e randor variables with riv
Gruen ditribuation o each pogcaia cor, fhen apply the wedestioe o
e The sivulation process e vepeated TO0 tices fov aae e

voriabile. The velative feenene, o0 nelerting the ooyt




used as an approximation to the probability of selecting the riawm

jfation '\].A
lation "o i

selected size.

The sum of relative frequency of celecting rach popa
= 1,...,k is treated as an approximation of the evp

The efficiency EFF of each selection procedure i

approximated by the ratio of relative frequency of selecting the

best one

to the expected size. The simpuiation

that in all cases we have the performance

B

)

¥

B M

)

E ND> ¥

results

indicate

tod

It should be nuted that in the above comparison ¢f the pertorman e,

we restrict attention to these rules which satisfy the pasterior-o*

condition.

to be larger than ,

Remark 2.9.7.

for which the varia

MED

under

Ay -

nce i

Yo

The loqistic distributicn

for which the varia

nee Yar

fix -

The qroac ervor mode

for which . is

Var (X (1 - )+

A

\

we:

tne p.d.f. of N6

Px.condition.

1 - x-

~a

has the dersity

i4 AY
A '/'
oo
- N il
e (+ )y
“
A
‘ :
need hoo the denod
\\—.
e - 4 {
A 4

and the

function

fy fonet

variance

4

For smail sample size, tae efficiency of rule

pon

pa

toogy !

The Laplace distribution has the density funciin

-y




The et ficiency ot o select on procodure | i detined by

—

wheve [ (91.) Is the expectes selected size.

Discussion and Conclusion

for Table VITI.1 and Tabie Viil.’ {egual distances case) the

1 .99 and .90 respectively, tne common sawnle size n - o
J +

. K

It the k populations have norwal {istribuations with the anknown

parameter configuration (-, .., +{k-1""). corron variance |

both tables the performance nased on either the efficiency or *the

expocted selected size is

i the postevicr-P* condition is corcidered, and

SR & e

e der the Precondition,

Froe

shoce he e A rea bt Tonn ae not noera L b the ot iy

T Ui e o The s oo e L the e a1t e vy loan
Phre e e e e e g, g et Tean Tab ey
I A R vee T e iy e Caeees o e e §a TR
o Ceoeene me by A TR N R AL RN R IR Y
tab

' LR A T po the g o 0
pe el Ch Lo CRITEE: C Coehe ooy

-




Ao B Mg

have normal distributions with unknown parameter confiquratior:
(4y...y*+2), common variance 1. Frorm both tables the pertorian
based on either the efficiency or the expected selected <ire 1

B B _ M
TN T

if the posterior-P* condition is considered, and if -1 ]
p

" MED
P

under the P*-condition.
Note that in both equal distances and slippaqe cases when
. . I:
that is the population means are not very close, the proceduces,

vﬁR’ wrt the locally uniform priors, always satisfv not anly th

posterior-P* condition but alsc P‘(CS{;B or ;gR) : PA, ared the oo
‘ . : 2
ed selected size of the selection procedure .B or JNR to much lee,
than the celection procedures ;M and JMED. For example, in b ng
* .
mal equal distances case, P = .39, k = 5, ~.n - 4,
. MED, B A i
(< ) o- E(S‘;NR) 0,382,
in the normal slippage case, P = .99, k = &5, ~/n 4
JMED rrct B c
E(S] ) - _(S‘WNR) 1.560.

T s N,

-
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